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Abstract: The bi-circular scheme for high harmonic generation, which combines two counter-
rotating circular fields with frequency ratio 2:1, has recently permitted to generate high harmonics
with essentially circular polarization, opening the way for ultrafast chiral studies. This scheme
produces harmonic lines at 3N + 1 and 3N + 2 multiples of the fundamental driving frequency,
while the 3N lines are forbidden owing to the three-fold symmetry of the field. It is generally
established that the routinely observed signals at these forbidden harmonic lines come from
a slight ellipticity in the driving fields, which breaks the three-fold symmetry. We find that
this is neither the only nor it is the dominant mechanism responsible. The forbidden lines can
be observed even for perfectly circular, long driving pulses. We show that they encode rich
information on the sub-cycle electronic dynamics that occur during the generation process.
By varying the time delay and relative intensity between the two drivers, we demonstrate that
when the second harmonic either precedes or is more intense than the fundamental field, the
dynamical symmetry of the system is broken by electrons trapped in Rydberg orbits (i.e., Freeman
resonances), and that the forbidden harmonic lines are a witness of this.
© 2018 Optical Society of America
OCIS codes: (190.4160) Multi harmonic generation; (020.2649) Strong-field laser physics; (020.4180) Multiphoton
processes; (320.7110) Ultrafast nonlinear optics.
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1. Introduction
High harmonic generation serves as an indispensable source of bright, coherent XUV and soft
X-ray light. This light is used to induce, monitor and control the dynamics of electrons in atoms,
molecules and solids at their intrinsic timescale [1–6]. High harmonic generation also serves
as a spectroscopic tool for unraveling the complex multi-electron and coupled electron-nuclear
dynamics in molecules [7–21] and solids [22–27].
From the light source perspective, high harmonic generation in two counter-rotating circularly
polarized fields made by superposing the fundamental fieldω and its second harmonic 2ω [28,29]
is particularly appealing [30–39]. It allows one to generate XUV radiation and trains of attosecond
pulses with controlled polarization properties [29,30, 40] and carries the potential to generate
isolated circularly polarized attosecond pulses [41, 42]. These pulses would open the route to
studying chiral-sensitive light-matter interactions with unprecedented temporal resolution in gas
and condensed phase, e.g., the study of ultrafast chiral-specific dynamics in molecules, ultrafast
chiral recognition via photoelectron circular dichroism [19, 43], ultrafast magnetization and spin
dynamics [44–46], etc.
While the potential of high harmonic generation in bi-circular fields as a light source is actively
explored, the complementary spectroscopic potential of this scheme for studying the underlying
electronic dynamics and dynamical symmetries is far less known. Pertinent recent papers include
Refs. [19,34,36,38]. This situation stands in stark contrast to the two-dimensional high harmonic
spectroscopy which uses the combination of linearly polarized fundamental and its second
harmonic [11,13–18,47–53], allowing one to track electronic and vibronic [13] dynamics with
temporal resolution from tens of femtoseconds down to tens of attoseconds.
Here we demonstrate the spectroscopic potential of high harmonic generation in bi-circular
laser fields to track light-driven dynamical symmetry breaking in a quantum system. In general,
the emergence of strong, symmetry forbidden, lines in high harmonic spectra is a tell-tale sign
of symmetry breaking induced by the underlying attosecond electronic [54, 55] or vibronic
dynamics [56–58]. Specifically, we show that symmetry forbidden lines in high harmonic spectra
generated in bi-circular fields are sensitive to frustrated tunnel ionization [59–64] and the presence
of strongly laser-driven Rydberg states, the so-called ‘bound states of the free electron’ [65],
which are able to survive intense laser fields [60–64,66–69] even when the ground state of the
neutral is completely depleted [61, 70].
In contrast to single-color high harmonic spectroscopy of the dynamical symmetry breaking
[54, 56–58], the two-color laser field offers clear advantages: it allows one to tune the time-delay
between the two colors and their relative intensities. We rely on this ability in the present work. It
allows us to make first steps towards adressing an extremely exciting but equally challenging
problem of time-resolving the frustrated tunneling process [60, 61, 63, 71, 72] during the driving
laser pulse.
The ability to control the shape of the driving field by changing the relative intensities of
the two colors and their delay also brings up the complementary aspect of attosecond electron
dynamics in multi-color fields – the ability to control these dynamics and the properties of the
emitted radiation [14, 47–49,52]. We explore this ability in the present work.
When a circularly polarized driver with frequency ω is used in combination with its counter-
rotating second harmonic, the resulting field has the three-fold symmetry shown in Fig.1. As a
consequence, high harmonic spectra generated in centrally symmetric media present peaks at the
3N + 1 and 3N + 2 harmonic lines, but not at 3N . The 3N + 1 and 3N + 2 harmonics are circularly
polarized and rotate in the directions of the ω and 2ω fields, respectively. The 3N harmonic lines
are symmetry forbidden, their lack reflecting the conservation of the angular momentum. Indeed,
these lines correspond to the absorption of the net amount N of the fundamental ~ω photons
and the net amount N of the second harmonic 2~ω photons, i.e. the net total of 2N photons,
preserving the partity of the initial state and thus precluding one-photon radiative recombination
to it.
In spite of this clear symmetry argument, non-negligible signals at 3N harmonic lines have
been routinely observed in experiments, starting with the pioneering work [28]. Their presence has
been systematically ascribed to slight ellipticity of the drivers. While this is certainly an important
experimental reason, it is not the only one, as has been recently highlighted by Baykusheva [34].
The emergence of strong forbidden lines can manifest the lack of symmetry of the quantum
system, in particular the destruction of the dynamical symmetry within the laser cycle (Fig.1).
This makes the analysis of the forbidden lines, ideally in a time-resolved fashion, very interesting,
opening a route to time-resolving the changing symmetries of the quantum system.
Turning from the spectroscopic aspect of high harmonic generation to the light-source aspect,
it is also important to understand the origin of the forbidden lines, the mechanisms controlling
their strengths and polarization. Indeed, these lines will play crucial role in determining the
polarization properties of attosecond pulses or pulse trains produced by the combination of
circularly polarized high harmonics generated in a bi-circular field.
Addressing these issues is the focus of this paper. In particular, we find theoretically that
small deviations from perfectly circular light  = 1.0, e.g.  = 0.95, which would be typical for
realistic experiments, is hardly the main reason for their prominence. Thus, the emergence of
strong forbidden lines in standard experiments with nearly circular pulses is rather unexpected
and cannot be blamed entirely on small deviations from perfect circularity.
To uncover the physics responsible for the 3N lines, we study the case when the two pulses
constituting the bicircular field, ω and 2ω, are time-delayed but still overlap. This allows us
to track the emergence of the 3N lines as a function of the ω − 2ω delay. Using Helium as a
target gas and the combination of 800 nm and 400 nm driving fields, we find experimentally and
theoretically that the 3N lines become stronger as the delay between the two pulses increases and
their overlap decreases, especially when the 2ω (400 nm) pulse comes first.
It is well known that, in contrast to 800 nm, the 400 nm pump leads to efficient accumulation
of population in Rydberg states via frustrated tunnelling (see e.g. [64] for detailed expermental
and theoretical analysis), and that these states survive strong dressing fields [60, 61, 63, 71, 72].
Thus, our results suggest that in the pump-probe type setup, when the 800 nm pulse is delayed,
the 400 nm field excites the bound states and breaks the dynamical symmetry due to sub-cycle
accumulation of population in these states. Since frustrated tunnelling in the 800 nm field is less
efficient than for 400 nm field [64], the dynamical symmetry breaking should be weaker when
the 800 nm pulse comes first. This expectation is confirmed by our observations: the forbidden
3N lines are more prominent when the 400 nm pulse precedes the 800 nm pulse.
The importance of Rydberg excitation is further tested experimentally by changing the intensity
of the 400 nm pulse. In agreement with the above physical picture, we find that the forbidden
lines become more prominent with higher intensity of the 400 nm light. Theoretically, even for
perfectly circular pulses, the forbidden harmonic lines appear in a dramatic way if the intensity
of the 400 nm field is increased substantially above the fundamental. In contrast, raising the 800
nm intensity does not have the same effect.
We further confirm this physical picture by showing how the gradual build up of the forbidden
lines in the spectrum. Thus, from the high harmonic spectroscopy perspective, analyzing the
appearance of the forbidden harmonics as a function of the ω-2ω delay and intensities, we make
first steps towards seeing how the frustrated tunneling process [60, 61, 63, 71, 72] unfolds in time.
From the light source perspective, we analyze the unusual polarization properties of the 3N
lines and show the ways of controlling their strength and ellipticity: by varying the two-color
delay or the relative intensities of the two driving fields. The intensities and the polarization
properties of these lines are important in determining the polarization properties of the attosecond
pulse trains produced via high harmonic generation in bi-circular fields.
Dynamical symmetry and the selection rules
Consider high harmonics generated by the two counter-rotating circular pulses with frequencies
ω and 2ω. We write the total electric field as
E(t) =
√
2Re
{−Fωe−iωt eˆ+ + F2ωe−i2ωt eˆ− + 0 eˆ0} . (1)
The three components of the field correspond to the counter-clockwise (eˆ+ = −(eˆx + ieˆy)/
√
2)
and clockwise (eˆ− = (eˆx − ieˆy)/
√
2) rotations in the x-y plane, and a linear component (eˆ0 = eˆz)
along the z axis. For collinear driving fields, which we assume in this work, the latter is always
zero. The fundamental field rotates in the counter-clockwise, positive direction (polarization eˆ+),
while the second harmonic rotates clockwise (polarization eˆ−).
The inset in Fig 1d shows the total field, which has characteristic three-leaf structure. The total
field rotates counter-clockwise, from the leaf k = 1 aligned horizontally, along the x-axis, to the
leaf k = 2 turned 120 degrees counter-clockwise, to the leaf k = 3 turned 240 degrees counter-
clockwise. Each leaf generates a burst of emission. To simplify the discussion and notations,
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Fig. 1. Typical harmonic spectra in bi-circular fields. Strong field approximation solutions
for the bicircular scheme using a short-range potential with an ionization potential of
Ip = 24.6 eV (as helium). In the top row, the amplitude distribution of the different bursts,
temporally ordered, that contribute to an arbitrary high harmonic (H60). In the bottom row,
the HHG spectra. The fields are Gaussian-shaped, with a peak intensity of I = 3.5 × 1014
W/cm2, and duration of: (a,d) 38 fs, (b,e) 38 fs with an ellipticity of 0.9, and (c,f) 6 fs. The
Lissajous figures of the corresponding fields are shown in the top right corners of the bottom
panels.
but without the loss of generality, we consider emission associated with the so-called short
trajectories [73]. In bicircular fields, their contribution on the single-atom level is dominant [29].
Within each cycle of the fundamental field, the emission contains three bursts, each associated
with one of the three leafs of the total field and labelled by the index k = 1, 2, 3. The corresponding
induced dipoles are
d(k)(t) = A(k)+ (t) eiφ
(k)
+ (t)eˆ+ + A(k)− (t) eiφ
(k)− (t)eˆ−. (2)
Each dipole has components with both polarizations, eˆ±, and each component is carrying its own
amplitude and phase. As always in strong-field driven high harmonic generation, the phase is
dominated by the action accumulated during the motion of the electron in the continuum, while
the amplitude is dominated by strong-field ionization conditioned on the electron return to the
vicinity of the parent ion. Note that the two-color driving field curves the electron trajectory.
This curved continuum motion imposed by the field means that the recombination dipole matrix
elements will be different for the emission of photons co-rotating and counter-rotating with the
fundamental laser field.
If the circular pulses at the frequencies ω and 2ω are long and overlap perfectly, then a rotation
of 2pik/3 (with k integer) leaves the field invariant (see Fig. 1). This three-fold symmetry of the
field, together with the symmetry of the medium, imply that the phases and the amplitudes for
k = 2, 3 are the same as for k = 1, up to the 2pi/3 and 4pi/3 rotations of the associated vectors eˆ±
for k = 2 and k = 3, and the time-delay of the emission bursts by 1/3 and 2/3 of the laser cycle
correspondingly. Under rotation by an angle α, the eˆ± vectors transform as
eˆ+ → eˆ+e−iα
eˆ− → eˆ−e+iα . (3)
Upon the Fourier transform into the frequency domain, the contributions from each leaf will gain
additional phases exp(iMk2pi/3) from the exp(iMωt) factor in the Fourier integral, due to the
corresponding time-delays in emission by ωt = k2pi/3. Hence, the total contribution of the three
bursts to the emission dipole at the frequency Mω is, for the component co-rotating with the
fundamental field,
d+(Mω) = A+(M)eiφ+(M)eˆ+
[
1 + e−i2pi/3+iM2pi/3 + e−i4pi/3+iM4pi/3
]
(4)
Similarly, for the component of the harmonics which co-rotates with the second harmonic, we
have
d−(Mω) = A−(M)eiφ−(M)eˆ−
[
1 + e+i2pi/3+iM2pi/3 + e+i4pi/3+iM4pi/3
]
(5)
For the intensities Ieˆ± ∝ |d±(Mω)|2 we obtain
Ieˆ+ (Mω) ∝ 3 + 2 cos [2pi(M − 1)/3] + cos [4pi(M − 1)/3] ,
Ieˆ− (Mω) ∝ 3 + 2 cos [2pi(M + 1)/3] + cos [4pi(M + 1)/3] . (6)
The expressions Eqs.(4,5,6) show the symmetry-imposed selection rules for the harmonics
of different polarization. We stress again that these rules assume that three emission bursts
associated with the three leaves of the driving field are identical, up to rotation and time-delay.
The counter-clockwise component, co-rotating with the red field, will be enhanced for the
M = 3N + 1 harmonics and cancelled by the interference of the three terms for the M = 3N + 2
harmonics. The clockwise component, co-rotating with the blue field, will be enhanced the
M = 3N + 2 harmonics and cancelled by the interference of the three terms for M = 3N + 1
harmonic. Finally, the M = 3N harmonics will be always suppressed (provided the fields
are propagating collinearly), giving rise to the characteristic HHG spectrum of the ω + 2ω
scheme [28, 29](Fig. 1d). Fig. 1(a) shows the calculated amplitudes |A| of the different emission
bursts for a given harmonic (we have used M = 60 in this Figure) using an ellipticity of 1.0 in
both fields, in the case when the two driving fields have identical pulse durations and overlap
perfectly. The calculations are based on using the saddle point method and the standard strong
field approximation (SFA), following Milosevic and Becker [29] and considering the contribution
of the saddle points associated with the short trajectories in the bicircular field. The ionization
potential was set to Ip = 24.6 eV (Helium), with the ground s-state being the initial state. The
driving pulses are both Gaussian-shaped, with a peak field strength of Fω = F2ω = 0.1 a.u., and
duration of (a,d) 38 fs. The harmonic spectrum, shown in Fig. 1(d), demonstrates the lack of
M=60 and all harmonics with orders M = 3N . Interestingly, the lines M = 3N + 1 and 3N + 2,
with opposite helicity, have different heights, even though we used the ground s-state. This
propensity reflects the curvature of the motion imposed on the electron between ionization and
recombination. Here, the curvature is dominated by the fundamental field.
Physical origin of the forbidden harmonics
Several factors can alter the simple selection rules associated with the three-fold dynamical
symmetry of the driving field. Two possibilities lie on the surface and are illustrated in
Fig. 1(b,c,e,f).
First, if the pulses are elliptical rather than perfectly circular, the field will not be invariant
under a 2pi/3 rotation anymore. Fig. 1b shows the amplitudes |A| for a given harmonic (we have
used M = 60 in this Figure) the different emission bursts, but now for the ellipticity of 0.9 (for
both fields). To eliminate other possible mechanisms responsible for the 3N lines and focus on
the role of ellipticity, the calculations used the strong field approximation (SFA) approach for the
bi-circular fields [29]. One of the bursts inside the cycle is stronger than the other two, leading
to the appearance of the forbidden harmonics in the spectrum (see Fig. 1(e) This assymmetry
in the driving field is hardly visible in Fig. 1(e) inset, but becomes noticeable in the harmonic
amplitudes due to exponential sensitivity of tunnel ionization to the field. Nevertheless, the
forbidden lines are quite weak, even for these rather substantial deviations from the perfectly
circular driving fields.
Second, for short pulses, many of the bursts will be strongly suppressed by a rapidly changing
envelope. Their amplitudes and phases, for a specific harmonic, will depend on the rapidly
changing fields at the times of ionization and recombination. In particular, this leads to a heavily
non-symmetric amplitude distribution with respect to the central (more intense) burst, as can
be seen in Fig. 1(c), again for H60. This loss of symmetry can be observed in the HHG as a
signal at the forbidden harmonic lines. These indeed arise prominently for H60 and higher orders
(Fig. 1(f).
There are, however, two additional, more subtle, possibilities of breaking the dynamical
symmetry that are crucial in this work. First, a memory present in the quantum system would
make the contributions from successive peaks of the field different. This is in analogy to XUV-
assisted high harmonic generation in linear fields [74], where an XUV pulse pumps the system to
a superposition of Rydberg states, from which ionization occurs easier. In this case, the 400 nm
pulse acts as a multi-photon pump which excites the system into a superposition of Rydberg
states. Ionization in the subsequent bursts is therefore enhanced and hence A(1)
+/− , A
(2)
+/− , A
(3)
+/−,
which breaks the dynamical symmetry. Second, one can vary the time delay between the two
driving pulses, the fundamental and the second harmonic, breaking the symmetry of the total
field in a well controlled way. For the two circular driving fields, high harmonic signal will only
be produced in the region of their overlap. Time delaying one of the two pulses leads to the
asymmetric behaviour of the successive emission bursts, similar to a short two-color pulse. We
use the interplay of these two possibilities in our analysis below.
The physical idea is as follows: the system memory is linked to the excitations generated by
the driving pulse. The efficiency of the excitations by the second harmonic field is higher than by
the fundamental. Hence, memory effects and the strengths of the forbidden harmonics should be
more prominent when the second harmonic arrives first, compared to the case when the second
harmonic arrives second. Thus, systematically varying the two-color delay and recording the
relative strength of the forbidden lines allows us to gauge the role of the dynamical symmetry
breaking associated with the memory of the quantum system.
Experimental setup
We have performed experiments in helium using a Ti:sapphire-based laser system with a single
stage regenerative amplifier producing 38 fs pulses with up to 4mJ energy and a central wavelength
of ∼ 795 nm at 1 kHz repetition rate. The carrier-envelope phase (CEP) of the pulses was not
locked. The laser beam was directed into the optical setup shown in Fig. 2.
The original beam was split into two beams, with the possibility to use the splitting ratios of
50/50, 70/30 and 80/20. The first beam was directed into a BBO crystal to generate the second
harmonic (at ∼ 400 nm) with the pulse energy up to 0.8 mJ. The second beam, remaining at
fundamental wavelength 795 nm, had the pulse energy up to 1.0 mJ. We could also smoothly
tune the energies of the pulses and ratio between the ‘’red” and the ‘’blue” beams by changing
the pump pulse energy in the amplifier.
Both beams passed through the corresponding achromatic broadband λ/2 and λ/4 waveplates,
where their polarization was converted into nearly circular, with the ellipticity as high as ε ' 0.95.
The optical path of the fundamental beam was controlled using a rooftop mirror mounted on a
translation stage. The fundamental and the second harmonic beams were combined together in
the collinear geometry and focused with a single Ag-mirror at f/100 into a 5-mm-long gas cell
containing helium.
The waists of the fundamental and the second harmonic (red and blue) beams were measured
to be w0(ω) ' 33 µm and w0(2ω) ' 27 µm respectively, so that the maximum intensity could
reach as high as Iω ∼ 9.0 × 1014 W/cm2 and I2ω ∼ 7.2 × 1014 W/cm2. The pulses were
Fig. 2. Experimenal layout. BBO: beta-barium-borate crystal for second harmonic gen-
eration, MCP: multi-channel plate based detector for XUV radiation, BS: beam-splitting,
partially transmitting mirror.
focused approximately 2 mm before the target, minimizing the contribution of the Gouy phase
to macroscopic effects and selecting short electron trajectories. The gas cell, placed inside the
vacuum chamber, was initially sealed with a metal foil. The foil was burned through by the laser
beam at the start of the experiment. The resulting cell opening had the size d = 40 µm similar to
the spot size on the cell position, allowing us to keep the gas pressure inside the cell constant at
' 40 mbar at the appropriate level of vacuum (typically Prest ≈ 10−4 mbar) inside the interaction
chamber.
After passing the 5 mm gas cell, the driving ‘red’ and ‘blue’ beams were blocked by an
300 nm thick aluminum foil. The transmitted XUV radiation was directed towards the XUV
spectrometer placed insight the vacuum chamber differentially separated from the interaction
chamber. The XUV-spectromenter was based on the silicon nitride transmission nanograting
operating in the wavelength range of 10 to 80 nm [75] with a resolution of 0, 25− 0, 13 nm across
the whole spectral range. The generated and spectrally resolved XUV radiation was detected by a
double-microchannel plate (MCP) with a phosphor screen and recorded by a fast CMOS camera
(PointGrey). Radiation up to harmonic orders ∼ 50 was observed.
Experimental results
Fig. 3 shows the observed XUV-spectra, for the bi-circular driving field and different red-blue
time-delays. When the two driving pulses overlap (see Fig. 3 (b)), the harmonics with order 3N
are suppressed.
We have measured and analysed the XUV spectra as a function of the time delay between the
800 nm and the 400 nm pulses. The time zero of the perfect overlap between the two pulses was
determined via the cross-correlation between the two beams in the BBO crystal, with the measured
cross-correlation length ' 40 fs. The positive time delay means that the second harmonics arrives
after the fundamental.
While the experimentally observed spectra are likely affected by the macroscopic propagation
effects, we focus on the features that must originate in the single-atom response: the dependence
of the forbidden harmonic lines on the delay and the relative intensities of the two driving fields.
Obviously, macroscopic propagation cannot lead to the appearance of forbidden harmonics if
they are not generated at the single-atom level.
From this perspective, the main features in the experimental spectra in Fig. 3 are as follows.
First, we see the appearance of the forbidden 3N harmonics when we increase the time-delay
between the two pulses, while at τ=0 these harmonics are very strongly suppressed. Second, the
Fig. 3. Experimenal spectra. Experimental XUV-spectra generated in the bi-circular field
as a function of the ω − 2ω pulses time delay τ (negative delay corresponds to the blue pulse
arriving first): (a) τ =−30 fs (close to 40 fsec cross-correlation length), (b) τ =0 fs, (c) τ =30
fs.
3N harmonics are a lot more prominent for the negative time delay, i.e. when the blue pulse
arrives first. This experimentally observed feature was found to be robust with respect to varying
the intensities of the two-color laser field.
Fig. 4. Experimenal spectra. Experimental XUV-spectra generated in the bi-circular field
at τ =0 fs. Panel (a): stronger red field, Iω ∼ 5 × 1014 W/cm2, I2ω ∼ 4 × 1014 W/cm2);
Panel (b): stronger blue field, Iω ∼ 5 × 1014 W/cm2, I2ω ∼ 6 × 1014 W/cm2)
Fig. 4 shows how changing the light intensity, especially the ratio between the fundamental
and the second harmonic, affects the high harmonic spectrum. Apart from the clear effect of
absorption in the lower energy region and the expected trend that higher intensities leads to
higher harmonic cut-offs, we again bring the reader’s attention to the forbidden 3N orders. We
observe, that the forbidden 3N harmonics are effectively suppressed when the fundamental field
is stronger than the second harmonic (Fig. 4a), or when the two intensities are close to each
other (Fig. 3b). When the intensity of the 400 nm pulse is higher than that of the 800 nm pulse,
however, the forbidden harmonics become prominent (Fig. 4b). These observations again seem
to confirm the idea that frustrated tunneling is playing a prominent role.
Numerical Results
We now turn to numerical simulations to reinforce this physical idea and rule out propagation
effects. The strong field approximation, which neglects the excited states, is not adequate for the
analysis, and we solve the time-dependent Schrödinger equation for the Helium atom.
We used the code described in [76]. To simulate the helium atom, we used the 3D single-active
electron pseudo-potential given in [77]. We have used a radial box of 600 a.u., with a total
number of points nr = 1535. We use a uniform grid, with 33 points (grid spacing of 0.14 a.u.)
at the origin, followed by 34 points on a logarithmic grid, with a scaling parameter of 1.03,
starting at 5 a.u., and finally 1468 points on a uniform grid with a spacing of 0.4 a.u. We placed a
complex boundary absorber at the border of the radial box (starting at 470 a.u.), in order to avoid
reflections. However, the box is sufficiently large to contain the full wave-function at the end of
the pulse (we check that the total norm in the simulation volume is 1.0 at the end of the pulse).
Therefore we can apply the iSURFC method [78]. The maximum angular momenta included in
the spherical harmonics expansion was `max = 70. The time grid had a spacing of dt = 0.04 a.u.
All the discretization parameters have been checked for convergence.
Fig. 5 shows our results obtained for 20 fs Gaussian pulses with intensities I thω = I th2ω =
0.12 PW/cm2, corresponding to the peak fields of F thω = F th2ω = 0.058 a.u., with variable time
delay of τ = −16, 0, 16 fsec. The center of the fundamental pulse is fixed at t0,ω = 0, and τ = t0,2ω
markes the center of the second harmonic pulse. Positive τ means that the second harmonic pulse
comes later, negative τ means that it comes earlier. The top row shows the x-component of the
total field, while the other rows show the harmonic spectra and the ratio between the forbidden
and permitted lines. The spectra are presented for both perfectly circular (panels d-f) and elliptic
 = 0.9 (panels j-l) fields, and the intensities of the two fields are equal.
As expected, the 3N lines are suppressed for τ = 0 but become stronger as we increase time
delays between the two pulses. Crucially, the ratio R(τ) = S3N (τ)/S3N+1(τ) (panels g-i in Fig. 5)
is asymmetric as a function of τ, strongly suggesting that the memory of the quantum system
is playing a role, i.e. the blue pulse excites the system and the delayed red pulse probes the
excitation. The effect is common for both perfectly circular and elliptic fields, with the pulse
ellipticity playing a secondary role in the effect.
We now focus on perfectly circular and perfectly overlapping pulses and show how the forbidden
harmonics arise even in these cases, thanks to the role of strongly driven Rydberg states trapping
population during strong field ionization. To this end, we have performed theoretical simulations
with perfectly circular, overlapping pulses of 12 fs FWHM duration for three different ratios
of the field strengths, see Fig. 6. The ratio F2ω/Fω is varied from F2ω/Fω = 2/3 (c) through
F2ω/Fω = 1 (b) to F2ω/Fω = 3/2 (a). The total intensity and, hence, the peak of the total electric
field are kept constant for (a) and (c), Imax = I2ω + Iω = 3.7 × 1014 W/cm2, and is lowered for
(b), Imax = I2ω + Iω = 2.4 × 1014 W/cm2.
Substantial 3N lines such as H24,H27,H30 and especially H33 appear when the second
harmonic is stronger than the fundamental (F2ω = (3/2)Fω = 0.085 a.u.) and dominates ionization,
see panel (a). When the strength of the fundamental field field strengths are equal (F2ω = Fω =
0.057 a.u.,), panel (a), or when the fundamental is stronger (F2ω = (2/3)Fω = 0.038 a.u.) the 3N
harmonics are essentially absent.
To understand the reason behind this breaking of the symmetry, we projected the wavefunction
at the end of the pulse onto the bound states of the atom. In Fig. 6d we show the bound population
of the first seven excited states (excluding the ground state), sorted by total angular momentum,
at the end of the pulse. When the blue field is stronger than the red field, irrespective of the
maximum peak intensity, the bound state population is dramatically higher. In the energy domain
(multiphoton) picture, this is the consequence of fewer high energy photons needed to resonantly
populate the higher lying states. In the time-domain (tunneling) picture, when the blue field
dominates ionization, the electron orbit is more likely to be trapped – the frustrated tunnelling is
more efficient at 400 nm than at 800 nm.
This picture is confirmed in Fig. 7, where we show six snapshots of how the spectrum in
Fig. 6a and 6c builds with time. To do this, we apply a gradually increasing window function to
the time-dependent induced dipole D(t) = 〈Ψ(t)|dˆ |Ψ(t)〉. The upper panel shows the length of
Fig. 5. Theoretical HHG spectra as a function of the blue-red time delay. Top row:
x-component of the bicircular field; second row: spectra for perfectly circular driving pulses;
third row: ratio of the forbidden 3N harmonic to its 3N+1 neighbor; fourth row: spectra for
elliptical pulses,  = 0.9. Left column: the 400 nm pulse comes first; middle column: perfect
overlap; right column: the 400 nm pulse is delayed.
this temporal window as the shaded area, along with the total intensity F2x + F2y of the ω + 2ω
laser field (red line). The central and bottom panels show the corresponding spectrum for that
energy window for the cases when the 400 nm field is stronger or weaker than the 800 nm field,
respectively.
Early on, Fig. 7(a), the lower harmonics show only symmetry-allowed harmonics. For the
higher harmonics, there is not yet enough time to provide a sequence of consecutive bursts with
sufficient energy, which would interfere to yield clear harmonic lines. The forbidden harmonics
are absent or very low in both spectra, indicating that the excited states are not sufficiently
populated to play any significant role. As we increase the temporal window (Fig. 7b), the excited
states start to get populated when the blue field is stronger, and the electrons begin to get trapped
in trajectories orbiting around the ionic core. The forbidden harmonics start to emerge when the
blue field is stronger, but not when the red is stronger. The prohibited lines appear first at higher
harmonics. As we keep increasing the temporal window (Fig. 7c), lower harmonics start to show
the forbidden lines.
More importantly, with increased time resolution the forbidden lines such as H30, H33 or H36
in Fig. 6c start to show a doublet structure. This is a characteristic feature of symmetry-forbidden
lines, known for single-color fields [54] and demonstrating the population of more than one
Floquet state during the laser pulse. As time keeps increasing and the field becomes stronger,
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Fig. 6. Influence of bound state population. High harmonic spectrum of helium generated
by two counter-rotating 12 fs long fields of frequencies 1.55 eV and 3.1 eV, for three different
ratios of the field strengths: (a) F2ω = 3/2Fω = 0.085, (b) F2ω = Fω = 0.057, and (c)
F2ω = 2/3Fω = 0.038. Peak intensities are the same for (a) and (c) and it is lower for
(b), see text for details. Panel (d) shows the population of the bound states of the atom (in
logarithmic scale) after the interaction with the field, for the three intensity ratios.
the doublet lines start to appear also for lower harmonics (see H18 and H21 in Fig. 7d and H6
and H9 in Fig. 7e). Higher harmonics now start to show a more complex structure, suggesting
that multiple Floquet states are being populated by the rapidly changing field. While similar
arguments are applicable for the case in which the red field is stronger, and indeed the forbidden
harmonic lines are observable, the strengths of the signal is orders of magnitudes smaller due to
the very small population of the excited states in the first place.
This information can be partially accessed experimentally by time-delaying the driving pulses.
When the overlap between the two pulses is small, the spectrum should be similar to that in the
case of the the short Fourier transform window, Fig. 7a. As the overlap of the pulses increases,
the spectrum features will build up as in Fig. 7. With the blue pulse coming first, the excited
population will be higher, leading to more prominent forbidden lines as discussed in the previous
section.
In conclusion of the theoretical analysis, we also point out that varying the time delay between
the two driving pulses allows us to control not only the strength of the forbidden harmonics, but
also their ellipticity. Here we define the ellipticity as
 =
Ieˆ+ − Ieˆ−
Ieˆ+ + Ieˆ−
. (7)
In Fig. 8 we show how this value changes as a function of the time delay for the four most visible
forbidden harmonics in the spectrum: 30, 33, 36 and 39. A clear trend is observed. The forbidden
harmonics rotate preferentially with the field that comes first, thus providing a mechanism to
coherently control their ellipticity.
Finally, we also observe strong blue-shift for higher harmonics when the blue light comes first.
As we can see from the field profile in the top panel of Fig. 5, in this case the more intense bursts
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Fig. 7. Build up of the spectrum. Snapshots of the spectra in Fig. 6a (central panel) and
Fig. 6c (bottom panel), at different times in the presence of the 12 fs long laser field: (a)
6 fs before the peak of the field, (b) 2.42 fs before the peak of the field, (c) 0.6 fs after the
peak of the field, (d) 3 fs after the peak of the field, (e) 6.65 fs after the peak of the field, and
(f) 12.7 fs after the peak of the field. The upper panel shows the maximum intensity of the
field, Imax = F2x + F2y , which is always the same for the upper and lower spectra, as the red
line, and the shaded area indicates the temporal window applied to the dipole to obtain the
corresponding spectrum.
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Fig. 8. Ellipticity of the forbidden harmonics. Top panels: Close-up of the theoretical
HHG spectrum of the four most clearly observed forbidden high harmonics in the spectrum
(30,33,36,39), for a time delay in which the blue field comes 16 fs before (a) and after (b) the
red field. The red line indicates the intensity component that co-rotates with the red field,
while the blue line indicates the component that co-rotates with the blue field. In panel (c),
the value of the ellipticity (as defined by Eq. 7) of each of the four forbidden harmonics, as a
function of the time delay. The points indicate the values for which there is data, and the
lines are used to guide the eye.
are happen during the rising part of the field, leading to the blue shift of the harmonic lines just
like in the case of linearly polarized few-cycle drivers. The opposite is true when red comes last.
Indeed, a high harmonic H37 experiences a strong blue-shift of EH37(τ = −16 f s) − EH37(τ =
16 f s) = 0.34 eV. The situation seems to reverse for lower harmonics. A lower harmonic H25
slightly red-shifts its position by EH25(τ = −16 f s) − EH25(τ = 16 f s) = −0.12 eV. This
provides a mechanism to fine tune the relative energy distance between harmonics.
Conclusion
In conclusion, we have shown the different mechanisms by which the forbidden harmonic lines
may appear in the high harmonic spectrum generated by bicircular fields. In contrast to the
commonly accepted wisdom that strong forbidden harmonics originate from slight ellipticity of
the driving fields, we show that this is not the case. For ellipticities  ≈ 0.95 dynamical symmetry
breaking is too weak to be fully responsible for the strong forbidden lines. We have demonstrated
that population of Rydberg states breaks the dynamical symmetry and leads to prominent signals
at the forbidden harmonics.
The population of laser-driven Rydberg states is revealed by tracking the strength of the
forbidden harmonic lines via the time delay between the two driving pulses. Increasing the
intensity of the second harmonic field leads to stronger trapping of the electrons in high Rydberg
orbits. In time domain, this is the consequence of the frustrated tunneling mechanism. In the
frequency domain, they can be seen as the Freeman resonances [79, 80]. We have demonstrated
that such dynamics are mapped on the forbidden harmonic lines that appear even for perfectly
circular, long driving pulses.
We have temporally resolved these dynamics by applying a gradually increasing window
function to the Fourier transform of the induced dipole, demonstrating the build-up of the
forbidden harmonic lines as the excited states are populated on the rising edge of the laser pulse.
Finally, in analogy with the blue-shift observed in the high harmonic generation triggered by
short linearly polarized drivers, we have predicted and experimentally confirmed a substantial
blue-shift of higher harmonics when the blue driver precedes the red driver.
